THE SECOND COEFFICIENT OF THE ASYMPTOTIC 
EXPANSION OF THE BERGMAN KERNEL 
OF THE HODGE-DOLBEAULT OPERATOR 



WEN LU 

Abstract. We calculate the second coefficient of the asymptotic expansion of the 
Bergman kernel of the Hodge-Dolbeault operator associated to high powers of a Her- 
mitian line bundle with non-degenerate curvature, using the method of formal power 
series developed by Ma and Marinescu. 



0. Introduction 

The study of the asymptotic expansion of Bergman kernels has attracted much atten- 
tion recently. The existence of the diagonal asymptotic expansion of the Bergman kernel 
of high tensor powers of a positive line bundle over a compact complex manifold was 
first established by Tian [19j, Kuan [1^, Catlin [7] and Zelditch |2T]. Tian [19], followed 
by Lu [H] and Wang |20], derived explicit formulae for several terms of the asymptotic 
expansion on the diagonal, via Tian's method of peak sections. 

Using Bismut-Lebeau's analytic localization techniques, Dai, Liu and Ma [8] estab- 
lished the full off-diagonal asymptotic expansion of the Bergman kernel of the Spin'^ 
Dirac operator associated to high powers of a Hermitian line bundle with positive curva- 
ture in the general context of symplectic manifolds. Moreover, they calculated the second 
coefficient of the expansion in the case of Kahler manifolds. Later, Ma and Marinescu [15] 
studied the expansion of generalized Bergman kernels associated to Bochner-Laplacians 
and developed a method of formal power series to compute the coefficients. By the same 
method. Ma and Marinescu [131 Th. 2.1] computed the second coefficient of the asymp- 
totic expansion of the Bergman kernel of the Spin'^ Dirac operator acting on high tensor 
powers of line bundles with positive curvature in the case of symplectic manifolds. In 
the same vein, they computed in jjG] the first three coefficients of the expansion of the 
kernel of Toeplitz operators. We recommend the survey [12] for the expansion of the 
kernel of Toeplitz operators in the context of geometric quantization. 

In this paper we consider the Hodge-Dolbeault operator (which is a modified Dirac 
operator (see (10. 5p )) associated to high powers of a Hermitian line bundle with non- 
degenerate curvature over a compact complex manifold. For the non-degenerate cur- 
vature case. Ma and Marinescu [13] obtained the expansion of the Bergman kernel of 
the Spin'^ Dirac operator [131 Th. 1.7] on any symplectic manifold and they computed 
the first two coefficients [131 Th. 2.1] in the case of positive curvature. Berman and 
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Sjostrand [3] also studied the asymptotic expansion for Bergman kernels for high pow- 
ers of holomorphic line bundles with non-degenerate curvature over compact complex 
manifolds. 

This paper is a continuation of [13] . We compute the second coefficient of asymptotic 
expansion of the Hodge-Dolbeault operator by means of the method in [131 ESj • Com- 
pared to [T3| [15], the main feature in this paper is that we perform our calculations for 
line bundles with non-degenerate curvature of arbitrary signature. 

Let {X, J) be a compact connected complex manifold with complex structure J and 
dime X = n. Let (L, h^) be a holomorphic Hermitian line bundle on X, and let be 
the Chern connection of (L, h^) with the curvature = (V'^)^. 

Our basic assumption is that u := -^^-R^ defines a symplectic form on X. 

The complex structure J induces a splitting TX 0^ C = T*^^'*^^X © T*^°'^)X, where 
T^^''^^X and T^^'^^X are the eigenbundles of J corresponding to the eigenvalues a/ — 1 
and respectively. Since the J- invariant bilinear form u{-, J-) is non-degenerate 

on TX, there exist J-invariant subbundles denoted V, V-^ C TX such that 

(0.1) a;(-,J-)|^<0, u;(-,J-)|vx >0 

and V, are orthogonal with respect to uj{-,.]-\ Equivalently, there exist subbundles 

W, C T(^'°)X such that W = T^^'^^X, W, orthogonal with respect to u 
and 

(0.2) R^{u,u) < 0, for ueW; R^{u,u) > 0, for ueW^. 

Set rankiy = q. Then the curvature R^ is non-degenerate of signature {q,n — q). Now 
take the Riemannian metric g^-^ on X to be 

(0.3) (7^^:=-a;(-,J-)|^©u;(-,J-)|vx- 

Since uj is compatible with the complex structure J, then the metric g^-^ is also compat- 
ible with J. Note that [X^g^-^] is not necessarily Kahler. Denote by ■) the C-bilinear 
form on TX ©k C induced by g^'^ . 

Let {E, h^) be a holomorphic Hermitian vector bundle on X, and let be the 
Chern connection of {E,h^) with curvature R^ = (V^)^. Denote by Q^'^{X,Lp © E) 
the space of smooth (0, j)-forms over X with values in ^ E and set Q^'*{X, ®E) = 
®']=o^°'^{X, LP® E). We still denote by (-, ■) be the fibrewise metric on A(T*(°'^)X) © 
LP®E induced by g'^'^ ., and . Let dvx be the Riemannian volume form of (X, g^^). 
The L^-scalar product on fl^'*{X, ® E) is given by 

(0.4) {si,S2)= {si{x),S2{x))dvx{x). 

Jx 

Let ^^'* be the formal adjoint of the Dolbeault operator with respect to the 

scalar product (10. 4p . 

Definition 0.1. The Hodge-Dolbeault operator is defined by 

(0.5) Dp = 72(9''''''' + d''"^'''*) : fi°'*(X, LP^E)^ 1]°''(X, ® E). 
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Then 

(0.6) Dl = 2(d''^^t'^^'* + d''''^'*d''^^)^ 

which preserves the Z-grading on Q^'*{X, ® E). 
By Hodge theory, we know that 

(0.7) KerD^i^o.^x.Lp^E) - H^'KX, U' ® E), 

where if°'*(X, ® E) denotes the Dolbeauh cohomology group. By Andreotti-Grauert 
coarse vanishing theorem (see e.g. [I3l (1.29)], [HI (8.2.18)]) we obtain that for p large 
enough, 

(0.8) H^'''{X, U'®E) = 0, for j ^ q. 

It is a consequence of (10. 7p and ( 10.81) that the kernel of is concentrated in degree q for 
p large enough. Let P^''' be the orthogonal projection from DP''^{X, LP ®E) on Ker(Z}p), 
and let Pp''^{-, ■) be its kernel with respect to dvx- The operator P^''' is smoothing, so 
the kernel Pp''^{-, ■) is smooth. 

Let Idet{W*)(S)E be the orthogonal projection from A(T*(°'^)X)(8)P onto det{W*)®E. We 
denote by (^det(W*)^~^ the orthogonal complement of det(H^*) in A(T*'^°'^)X). Denote 
by the Kahler form associated to g^^ , i.e., 

(0.9) e(f/, V) = {JU, V) for U,V e TX. 

The following diagonal asymptotic expansion of the kernel Pp''^{-, ■) was derived by Ma 
and Marinescu, see [131 Th. 1.7]. 

Theorem 0.2. There exist smooth coefficients hr{x) G End(A'^(T**^°'-^)X) ® E^ ^, which 
are polynomials in R^^ , (and dQ, R^) and their derivatives of order ^ 2r — 2 (resp. ^ 
2r — 1, 2r) at x, such that 

and for any k,l & N, there exists C^^i > with 

k 

(0.11) P^'\x,x) -J2Mx)p"~ 

r=0 

for any p E N. Moreover, the expansion is uniform in that for any k,l E N, there is an 
integer s such that if all data {g'^'^ , h^, V^, h^, V^) run over a set which are bounded in 
and with g^-^ hounded below, there exists the constant Cki independent of g^^ , and 
the C^-norm in flO.lip includes also the derivative on the parameters. 

The purpose of this paper is to calculate the second coefficient bi in the asymptotic 
expansion (10. lip . The readers are referred to the monograph [H] for a comprehensive 
study of the asymptotic expansion of Bergman kernels and the methods of calculation 
of the coefficients along the lines of the present paper. 

To state our main result we continue to introduce more notations. Let denote 
the Levi-Civita connection on {TX, g^^), and let V"^*^'°'^ be the Chern connection of 
(^2"(i:0)^^ /i'^'^'"''"^), where is the Hermitian metric on T'^^'^-'X induced by g^^ in 



^ Ck,iP 

C'{X) 



4 



WEN LU 



flfiaD . We denote by the curvature of V^'''"'^. Let J : TX -> TX be the almost 

complex structure defined by 

(0.12) uj{U, V) = g'^^iJU, V) for U,V e TX. 

Then J commutes with J. Let fi, . . . , f„ an orthonormal frame of (T'^^'^^X, /i^'"^'"'"^) such 
that the subbundle W is spanned by fi, . . . , fg, and let f ^, . . . , be the dual frame. It 
is a consequence of (10. 3p and fl0.12p that 

(0.13) 3vj = —y/^Vj, for j ^ q; Jvj = y/^Vj, for j ^ q + 1. 

Let Tj^''^^X and Tj^'^^X be the eigenbundles of J corresponding to the eignevalues a/— T 
and — -\A-T respectively. Set Uj = Vj if j ^ g and Uj = Vj otherwise. Then mi, . . . ,m„ 
forms an orthonormal frame of the subbundle Tj^'^^X and 

n 

(0.14) u = y/^^u^ Au^. 

Let be the Bismut connection (see (11. 4p ) on A{T*^^'^^ X) whose curvature is denoted 
by . Denote by V^ip, V^ip the covariant derivative of a tensor ip with respect to V"^"^ 
and V^, respectively. Let ei, . . . , e2n denote an orthonormal frame of (TX, g^^), set 

2n 2n 

(0.15) IV^Jr = E |(VjJ)e,r, IV^Jr = E |(VjJ)e,r; 

ij=l ij = l 

We denote by Tas the anti-symmetrization of the torsion tensor of the connection induced 
by the Chern connection V"^'^'°'^ on TX (cf. (Il.ip . (11. 2p ). Let be the contraction 
operator with the form u. Let P be the smooth 2-form over X defined by 

PiU,V)=^{R^iu,,u,)U,V) 

(0.16) + ^{dTasKu„u„U,V) + {^Tr[R^''-'''']+R^yU,V). 

The summation convention of summing over repeated indices is used here and throughout 
in this paper. Note that we have (cf. [T^ (1.2.51)]): 

(0.17) T,s = -V^{d-d)e, dTas = 2^ddQ. 

The main result in this paper is as follows. 

Theorem 0.3. Let X he a compact complex manifold and [L, h^) be a holomorphic 
Hermitian line bundle whose curvature is non- degenerate of signature {q,n — q). Let 
{E,h^) be a holomorphic Hermitian vector bundle. Endow Q^'*{X,L^^ E) with the 
L"^ -scalar product induced by the Riemannian metric g^^ defined by ( 10. 3p and by h^,h^ . 
Then the coefficient hi from the expansion (10. lip of the Bergman kernel Pp''^(-,-) on 
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(0.18) 
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i,j=l k,l=g+l 

j = l k=q+l 
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i,j = l k,l=q+l 
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Uk, Uj 



q n 

j = l k=q+l 
^ q n 



;(v''v''j),n..„,|iit, uj) 



-^det(VF*)®£;^"' A ^Mfe 



ij=l A:,Z=g+l 



-^dct(w^')(g)£;''^ A u-' A iuiiu^.- 



In particular, 



(0.19) 



TT • Tr|;i^,(7..(o,i)x) [bi(a;)] 



Note that Hsiao [TO] independently calculated by other methods the coefficient bi for 
the trivial line bundle with mixed curvature over C" endowed with the Euclidean metric. 

By integrating Pp''^{x, x) over X we obtain dimiJ°''^(X, ® E) which by (10. 8 p equals 
the Euler characteristic oi U' ® E for large p. This is in turn given by the Riemann- 
Roch-Hirzebruch formula (15. ip . Thus, by integration of the asymptotic expansion (lO.lip 
we can compare coefficients with the Riemamm-Roch-Hirzebruch formula and we can 
check our formulas for bi(x). This will be carried out in §3 

Since the explicit formula (I0.18P seems rather lengthy, it is worthwhile to show what 
it reduces to in various interesting special cases. Denote by R^^,r^ the curvature and 
scalar curvature of the Levi-Civita connection V^'''", respectively. 

Corollary 0.4. If {X, g'^^ , J) is Kdhler, then we have 
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ii?-(.„II,) + ^Tr[i?-'^'"'-](.,,^,)-^ 
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1 1 

(0-20) - iE E [(^Tr[/?-<^'°'-] 



j=i fc=g+i 



^:{R^^{ui, Ui)uj, Uk) A %,/det(W*) 



I? 

Uk,Uj 



4 

j = l k=q+l 



^{R^^{Ui,Ui)Uk,Uj) 



Taking the trace over A.'^iT*^^'^'^ X) yields 

(0.21) 7r-TrU,(r*(o,i)x)[bi(a;)] = ii?^(M„M,) + ^Tr[i?^'''°'^] (n„ ¥,)• 

Corollary 0.5. If q = 0, then it follows ([03]) and (1012]) t/iat {X,g'^^,J) is Kdhler. 
Then the formula flO.lSp reduces to the known one |lH (4.1.8)] for positive line bundles: 

(0.22) Tih.ix) = \r''{v,,v,) + lTr[i?^'^'°'^](t;„U,.)Id^ = \r''{v,,v,) + ^Id^. 

Formula f l0.22p follows immediately from f l0.20p . 

1. Comparison between curvatures of Bismut and Levi-Civita 

connections 

In this section we introduce the notion of Bismut connection and develop some prop- 
erties of the tensors V"^J and V'^J. We also derive a formula for the difference between 
i?« and i?^^. 

We use freely the notions from the Introduction. The Chern connection v^'^'"'"^ on 
2"(i>o)j^ induces naturally a Hermitian connection V"^^°'^'"^ on T'^^'^^X. Set 

(1.1) V^^ = V^''''"^©V^*"''*^. 

Then V^"^ is a Hermitian connection on TX ®^ C which preserves the decomposition 
TX ®iR C = T(i'°)X © T(°'i)X. We still denote by V^^ the induced connection on TX. 
Let T be the torsion of the connection V^'^, and let Tas be the anti-symmetrization of 
the tensor T, i.e., for U,V,W e TX, 

(1.2) Tas{U, V, W) = {T{U, V),W) + {T{V, W),U) + {T{W, U),V). 

By (dl]), the torsion operator T maps T^^-^^X ® T^^'^^X (resp. T^^'^^X © T^^-^^X) into 
T^mx (resp. T^O'^^X) and vanishes on T^^'^^X © T^O'^^X. 

Denote by the 1-form with values in the antisymmetric element of End(TX) which 
satisfies for U,V,W eTX, 

(1.3) {S^'iUW, W) = —TasiU, V, W). 
Then the Bismut connection on TX is defined by 

(1.4) = V^^ + S^. 
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By in Prop. 2.5], V'^ preserves the metric g'^'^ and the complex structure J of TX. Then 
the curvature is compatible with the complex structure J of TX. 

We now continue with some elementary observations about the tensor V'''^J. 

It follows from f l0.12p that J, J, (V"^V"^J)(,,,) are skew-adjoint endomorphisms of 
TX and that for U,V,W eTX, we have 

(1.5) {{y^3)V,w) = {V^co)iV,W), 
which implies immediately 

(1.6) /^{V§J)V,W) + ((V^J)W^,[/) + ((V^J)[/,y) = du{U,V,W) = 0. 

By the definition of (V^V^J)(c/,i/), 

(1.7) (V^V^J)(t;,y) - (V^V^J)(y,f/) = [R^''{U,V),3]. 
From = —1, we obtain 

(1.8) (V^J)J + J(V^J) = 

and 

(1.9) J ■ (V^V^J)(c;,y) + (V^J) ■ (V^J) + (V^J) ■ (V^J) + (V^V^J)(c;,y) ■ J = 0. 

From (11. 6p . we have for Y G TX, 

(1.10) ((V^V^J)(y,t/)y, + ((V^V^J)(y,y)iy, u) + ((V^V^J)(y,^)f/, V^) = 0. 

Let Tj^^''^^X and Tj^'^'^^X be the dual bundle of Tj^''^^X and Tj'^'^^X, respectively. From 
dLBD and dlSl), we find that 

(1.11) ((Vf J) .) is of type (Tf''^xf' © {Tf''^xf'. 
On the other hand for the tensor J, we have for U,V,W ^ TX, 

(1.12) (^{V^3)V,W) = {V§co){V,W) 
and 

(1.13) (V^V^J)(^,y) - (V^V^J)(y,^) = [i?^(f/,y),j]. 

From = —1 we obtain 

(1.14) J ■ (V^V^J)(t;y) + (V^J) ■ (V^J) + (V^J) ■ (V^J) + (V^V^J)(t;,v) " J = 0. 

Since V"^ is not torsion-free, then the analogue of (11. 6p does not hold for the tensor 
V'^J, neither does the analogue of (11.101) . Hence V'^J does not admit such a decompo- 
sition as (II. lip . In spite of this, V^J does satisfy the following property. 

Proposition 1.1. V'^J preserves T*^^'°^X and T^'^'^^X . Furthermore, it exchanges the 
subbundles W and W'^ . 
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Proof. It is a consequence of the facts that V^J = (cf. [U Prop. 2.5]) and JJ = J J 
that 

(1.15) J(V^J) = (V^J)J, 

which imphes immediately that V J preserves r(i'°)X and T(°'i)X. Note that the metric 
<^-, ■) is C-bihnear. Then for 1 ^ j, k ^ q and U G TX, we have 

(1.16) ((V^J)t;„U,) = (v^(Jt;,),I^fc) + (v§v„3vk) = 0. 
Similarly, for q + 1 ^ j, k ^ n, 

(1.17) ((V^J)i;„U,) = 0. 
This completes the proof of Proposition 11.11 
Lemma 1.2. 



□ 



q n 



(1.18) 



j = l k=q+l 



q n 



E E |((v2j)«.,«.> 
j=i fe=g+i 



' = i|V^j|^-2 

4' ' 



Proof. In view of (11. lip and Proposition 11.11 we find 

q n 



(1-19) E E |((vgj)«„«.> 

j = l k=q+l 

Again by Proposition 11.11 we get 



2 1 



V^jf = 2|(V^J)«,f + 2|(V^^J)«, 



(1.20) 



7;? 

Ui 

q n 



q n 



= 4E E |((vSjk-,«.> +4E E |((vSjk-,«.> • 

j=l k=q+l j = l k=q+l 

Combining (11. 19^ and O1.20p . we obtain the second equality of (ll.lSp . This completes 
the proof of Lemma 11.21 □ 

The main result of this section is the following formula for the difference — R^^ . 



Proposition 1.3. We have 

(1.21) ^ 



(i?^-i?^^)( 



1 



(|V^J|'- |V^J|') + -A4d(A.T,,)) -2|(5^(n,)^i„^ifc> 
The proof of Proposition 11.31 is based on the following three Lemmas. 
Lemma 1.4. 



(1.22) 



[R^ - R^^){u,,u,)u,,Uj 

2 2 X 
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Proof. One verifies directly that 

(1.23) =(5^(m,>„ - {S''{u,)u„ S^'iu,)!!, 

+ ((vJs^)(«.K,ii,) - ((vj5^)(tz.K-,ti, 

By (11. 3p . we obtain 



(1.24) 



IUj,Uj 



Substituting (04]) into (03]) yields (02]). 
Lemma 1.5. 



^(ViT..)( 



(1.25) 



^5 {ui)uj,Uk) + (5* {ui)uj,Uk) 



+ 



5^(m,)w„ (VJ J)m, 



Proo/. By flOrTSj) and f lTTT]) we obtain 



(1.26) 



V^jf = 2|(V- J)«,r, |V-Jr = 2|(V- J)n,r + 2|(V#J)«, 



7X 



7Bt|2 



Combining (II. 4p and (I1.26P yields 



(1.27) 



IV^Jl'-IV^Jl' 



[S^(m,),JK- +2 [5^(11,), jk- 





+ 2([5^(w,) 




Clearly, 






(1.28) 


[^''(M.),J]n, 


2 


and 






(1.29) 


[5''(n.),J]«, 


2 



Zr 

[^^(^ii), Jjuj, = 4 {S^{ui)uj, Uk) 



[[S^{ui),J]uj,Uk) 
Substituting fOSj) and fOOj) into ^L27\f yields ffT:25|) . 
Lemma 1.6. 
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Proof. Clearly, 

(1.31) 4 4 

1 1 1 

= 2'^u,{Tas{Uj,Uj,Ui)) - -Vu^{TasiUj,Uj,Ui)) - -Tas{Uj,Uj, [Ui,Ui\) 

By (11. 3p we obtain 
(1.32) 

-^A^{d{A^Tas)) = - ^A^A^idTas) + {S''{u,)u„Vlfu,) + (^^(m,)II„ V^f U,) 
Clearly, 

(^''(^.)^., V^/^«,> + (5^(n,)ll„ Vr/^U,) =(5^(«,)ll„nfe> ■ (V^f n,-,n,>. 

Substituting fll.33p into fll.32p yields f ll.30p . The proof of Lemma [L6] is complete. □ 

Proo f o f Proposition \1.3[ Formula (11.211) follows immediately from (ll.22p . (I1.25P and 
([OO]). □ 

2. Bergman Kernel of the Hodge-Dolbeault Operator 

In this section we introduce the corresponding Lichnerowicz formula for the square of 
the Hodge-Dolbeault operator and calculate out the curvature operator of the connection 
yB,AO'*(g)LP(gi£; •^j^jj;.]-^ arises in the Lichnerowicz formula. 

2.1. Lichnerowicz formula for the Hodge-Dolbeault operator. For any w G TX®]g 
C with decomposition v = Vi^ + fo,i G T^^'^^X © T^^'^^X, let q be the metric dual of 
fi^o- Then c{v) = V^{v1^q A — ^,,01) defines the Clifford action of v on A(T*''°'^^X), where 
A and i denote the standard exterior and interior multiplication, respectively. 

The Chern connection v^'^'"''''" on T^^'^^X induces the Chern connection vdet(T(i'0)x) 
on the line bundle det(T(i'°)X). Let V^' denote the Clifford connection on A(T*(°'i)X) 
induced canonically by V"^'^ and vdet(r(i'")x)_ 

If e^, . . . , e^" denotes an orthonormal frame of T*X, then define 

(2.1) "^(e*! A ■■■ Ae*0 = c(eij---c(eij, for ii < ■ ■ ■ < ij. 

In this sense "^B is defined for any B G A{T*X) (g)^ C by extending C- linearity. 
Recall that is defined by ([12]) • Take U G TX. Let 

(2.2) Vg'^"" = Vg' - i %^uT..) 

denote the Hermitian connection on A(T*(°'^^X) induced by V"' and Tas- Then V^'"^"'* 
is the Clifford connection on the spinor bundle A(T*(°'i)X) induced by on TX and 
ydet(T{i>«)x) det(T(i'0)X). Here A(T*(0'i)X) is formally S{TX) ^ det{T^^'^^Xy/^ and 
S(TX) is the fundamental spinor bundle for the (possibly nonexistent) spin structure 
on TX and det(T*^^'°-'X)^/^ is the (possibly nonexistent) square root of det(T(i'°)X) (cf. 
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p!7l Appendix D,p 397]). The connection V^'^ '* preserves the Z-grading of A{T<^^^^X) 
(cf. [14, (1.4.27)]). If fi, . . . , Vn denotes an orthonormal frame of T^^'^^X, set 



1 



(2.3) e2j-i = -^{vj + Vj), e2j - -j, 
Then ei, . . . , e2n forms an orthonormal frame of TX. Set 

(2.4) v^^e, = r^^e,, v^^^^^'^'^'^H^i ^■■■^Vn) = rd^t(^'^'"'^)(^i a ■ ■ ■ a v^). 

Denote by W the metric dual of Vj. It is a consequence of [Ml, (1.3.5)] that V^'^"'* is 
given, with respect to the frame {v^^ A ■ ■ ■ A tJ-"-', 1 ^ ji < ■ • ■ < jfc ^ of A(T*(°'^)X), 
by the local formula 

(2.5) rf+ l(r^^e.,e,>c(e.)c(e,) + lr^-(T(.o)x) _ 1 .^^ ^^^y 

Let r^'^°'* be the connection 1-formof V^'^°'* (associated to the above frame of A(T*'^'''^^X)), 
i.e., 

(2.6) r^'^°- = i(r^^e., e,>c(e.)c(e,) + ir<^-(^'^'«'^) - 1 ^(..T..). 
Denote by V'^'''^'^ the Chern connection on ^ E induced by and V^. Set 

(2.7) ^B,A'-'®LP^E ^ yB,AO.- ^ 1 + 1 ^ V^'®^. 

Then y^'^"'*®^''®-^ is a Hermitian connection on A(r*(°'i)X) ^L^^E. Let rbA^^-'^l^^e 
be the curvature operator of V'^'^'' *®'^''®^, and let /\-B,aO'*®l''(X)S ^j-^g Bochner Laplacian 
associated to y^'^"'*®^"®^, i.e., 



2n 

B,M^''®Lv®E _ _ "ST^ [^Y7B,A0'*®LP(giE^2 _ ^B,AO.*(giLP(giE 



If Ci, . . . , denotes an orthonormal frame of TX, then set 
(2.9) \A\^= J2 \Me^,eJ,ek)\^ foTAeA\T*X). 

i<j<k 

The following Lichnerowicz formula [Ml (1.4.29)] for D"^ holds: 

.X 1 



_ ,B,A°''^LP(g)E 
ly^ I— 

(2.10) 



Dl =A^'^"'-®^^«^ + - + ^pi?^(e„ e,)c(e,)c(e,) 



4 T 

+ ^{R' + lTr[R^''^"'^])-\%dT^,)-l\Z 



as 



If A is a 2-form, then 



(2.11) ^ I ^ 

+ -A{vj, Vk)iviv^ + -A{vj, Vk)v^ Av'' A. 
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If A is a skew-adjoint endomorphism of TX, then 
(2.12) 



^{Aci, ej)c{ei)c{ej) = - ^{Avj, vj) + {Avj,Vk)v'' A ^. 



+ ^{Avj, Vk)iviv^, + ]^{Avj, Vk)v^ Av'' A. 



Set 



(2.13) 



q n 

^d,x = - 27r ^ ^. Av'J -2tx ^ A ^. 



=7rTr|^^(-j2)i/2 = 2n7r. 



From ( 1(U2|1 . (I(U3|) . (EUT]) and (l27[3l) . we have 

(2.14) ^^^(ei, ej)c(ei)c(e,) = -2^^ - r. 

Definition 2.1. The Bergman kernel Pp{x,y) {x,y G X) is the smooth kernel with 
respect to dvx{y) of the orthogonal projection Pp from f2°'*(X, ® E) onto Ker(Z)p). 

Then Pp{x,x) is an element of End(A(T*(°'i)X) ® E)^. It is a consequence of the 
Andreotti-Grauert vanishing theorem (10. 8p that the kernel Pp''^{x,y) coincides with the 
Bergman kernel Pp{x,y) for p large enough. Hence, Theorem 10.21 in fact gives the diag- 
onal asymptotic expansion of the Bergman kernel Pp{x,x). 

2.2. A formula of the curvature operator rBA"'''^lp<^$e ^ 

(2.15) Q= [V^^,5^] + S^A5^. 
Combining (11. 4p and (I2.15P yields 

(2.16) i?^ = i?^^ + Q. 

By [2t (3.4)], (I2.16P and the explanation after (12. 2p . we know that 

(2.17) R^''"- = i(i?^e.,e,>c(e.)c(e,) + ^Tr [/?^'^'°'^] . 

Of course, we can get (I2.17P from (12.60 by a direct computation. Note that since is 
compatible with the complex structure J, we obtain from (I2.12p and (I2.17P that R^^^°'' 
preserves the Z-grading of A(r*(°'i)X). From (I2l7p . we have 

(2.18) ^B,A0>-«L.8i^ =/2iJ,A°'- + pi?!- + 



= i(i?^e„e,>c(e,)c(e,) + ^Tr [i?^'^'"'^] + R^ . 



3. An Explicit formula of bi 



In this section we provide an explicit formula for the second coefficient bi in the 
diagonal asymptotic expansion (10.111) . 
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3.1. Trivialization. Fix a point Xq G X. For e > 0, denote by -B"^(a;o,e) (resp. 
5^-0^(0, e)) the open ball in X (resp. T^^X) with the center xq and radius e. Then we 
identify 5'^-o^(0, e) with {xq, e) by the exponential map Z i— ?■ exp^(Z) for Z G T^^X. 
Let fi, . . . , be an orhonormal basis of Txl'^^X such that the equations fl0.13p hold at 
the point x = Xq. Set 

(3.1) e2j-i = -^{vj + Vj), e2j = ^^i^j - ^j)- 

Then ci, . . . , e2„ forms an orthonormal basis of T^^X. The coordinates on T^^X ~ M.^^ 
is given by 

2n 

(3.2) (Zi, ■ ■ ■ , Z2n) eR^^'^Yl ^^""^ ^ ^-0^- 

i=i 

We identify Lz,Ez and (-E'p)z for Z G -B^"=o^(0, e) to Lxo.Ex^ and (i?p)xo by parallel 
transport with respect to the connection V^, V'^ and y^-^'''*®-^''®^ along the curve u h- )■ 
uZ, u G [0, 1]. We denote by F^, F^ and r-B,AO'*(g)LP®B ^^le corresponding connection form 
of V^, and yBA'^'-^Lv^E B^{xQ,e), respectively. Then by US (1.2.30)], 

(3.3) F'^ = 0, for F* = F^, F^ and r^''^°'*«^''®^. 



3.2. Taylor expansion of the operator C\. Let dvxx be the Riemannian volume 
form on (T^^X, g^''"^). Let k{Z) be the smooth positive function defined by the equation 
dvxiZ) = k{Z)dvTx{Z) with k[o) = 1. Set E = A'?(T*(0'i)X) ® E. 

Let be an unit vector of L^q. Using sl and the above trivialization §3.11 we get an 
isometry E^ ~ E^..^, on B'^^'o^ {0,e). Under our identification, h^p is h^'^o on i?^"=o^(0, e). 
If s G C°^(T,oX, E^J, then set 

(3.4) lkllo,o= / \siZ)\ldvMZ). 

We denote by Vu the ordinary differentiation operator on T^^X in the direction U. If 
a = («!, ■ ■ ■ , a2n) is a multi-index, set Z'" = ■ ■ ■ Z'g^". Let {d^R^)^^ be the tensor 
(9"-R^)a;o(ej, Cj) = 9" (-R^(ej, Cj))^^. We denote by 7^ = YlijZj^j = Z the radical vector 
field on R^". For s G (:7°^(S^-o^(0°, e), E^.J and Z G B^-o^{0,e), for t = ^, set 

{6ts){Z) = s{Z/t), Vt = 

(3-5) 1 

Vo,. = V. + -<(7^,.), 4 = 

It is a consequence of our trivialization that 4 is self-adjoint with respect to || ■ 
on C^(i?^"'o"^(0, e/t), E^o). We adopt the convention that all tensors will be evaluated 
at the base point xq G X, and most of the time, we will omit the subscript xq. Let 
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£o,C''i,C'2 be the operators defined as [131 (2-5)], [151 (1-30)]: 

^o = -5Z(Vo,e,)'-2n7r, 

i 

(3.6) O'.iZ) =i(i?Jf (7^,e.)7^,e,)Vo,e,Vo,e, 



L3 



\a\=2 



l"l=2 



1 

9 



^[£o,(C(7^,e,)7^,e, 



XO 



Set 



Then we have the following analogue of [T3| Th. 2.2]. 

Theorem 3.1. There are second order differential operators C\,Or{r ^ 1) which are 
self-adjoint with respect to || ■ on C^(R^", E^,,), and 



(3.7) 
(3.8) 



CP 










— TwT-V 


02 







71 

2 



+ 5(< + 5Tr[<"'-])(e.,e,) 



c{e,)c{e,) + - * 



r=l 



Proof. We carry out our proof along the lines in [131 Th. 2.2]. The details involved differ 
in two aspects. First, the formula ^31, (2.11)] there should be replaced by 

V,e. = V, + + lid,R%,Z' + '^Y1 (^"^')-^ + ^< + 

\a\=2 

+2 , 

(3.9) 



--<^i^i„^(e„e,)7^,e,^+0(t^), 

which differs from [131 (2-11)] by the term R^'^^^'' . Secondly, the analogue of [131 (2-12)] 
is 



(3.10) 



%o{y)\ = c{V^V), for U,Ve TX. 



1 ^ |2 _ 1 ^ 

dzj dzj 


,2 1 

1 ~ 2' 


1 |2 1— 12 


\z\\ 




•I ^q-i ^q+l-i 
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This explains how the Bismut connection comes into the expressions (13. 7p . while in 
[T3[ (2.6)] the Levi-Civita connection V"^"^ appeared. The readers are referred to [131 
Th. 2.2] for more details. □ 

3.3. Explicit expression of the coefficient bi. We now introduce the complex co- 
ordinates z = {zi, ■ ■ ■ , Zn) such that Vj = V^-^ is an orthonormal basis of Txl'^^X. We 

identify z to J2]=i ^^'^ ^ X]j=i^i^ when we consider z and z as vector fields. 
Then Z = z + z and 

(3.11) 
Set 

(3.12) e = (1 
By dQH, 

d , — d d I — d 

(3.13) J— = v^— , J^ = -v^^, for J = I,--- ,n. 

We also identify ^ to X]j=i ^'^'^ Sj=i '^i^ when we consider ^ and ^ as vector 
fields. Then ^ + ^ = Z = z + z and 

(3.14) i|-rH|:r4> i^i^Hcp^i^r. 

Set = "\/2^ and 

(3.15) /sj-i = -^(^^. + u.-^^ f^. = ^^{uj -Uj), J = 1, ■ ■ ■ , n. 

Then {ui, ■ ■ ■ forms an orthonormal basis of Tj^^Jx and {/i, ■ ■ ■ , /2„} is an or- 

thonormal basis of TxqX. 

Recall that the operator Co is defined in (13. 6p . It is very useful to rewrite Co by using 
the creation and annihilation operators. Set 

Then for any polynomial g{C,,C,) on ^ and ^, 

6+] =hb+ - 6+6, = -47r5,,, [6„ 6,] = [6+ 6+] = 0, 

By fl3:T6D and ^JT} . one gets 

n 

(3.18) Co = Y,b,bl 

We now restate the following result, see Th. 8.2.3]. 
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Theorem 3.2. The spectrum of the restriction of Cq to L^(R^") is given by 

n 

(3.19) Spec(£o|L2(K2n)) = {47r^aj| a = (oi, ••-,«„)€ N"} 
and an orthogonal basis of the eigenspace of An Yl^=i ^■^ given by 

n 

(3.20) fe"(e'^exp(--^|ejf )), mt/i/3GN'^. 

i=i 

Let denote the orthogonal projection from (L^(R^", E^^q), || • ||o,o) onto = 

Ker(£o)- Let P^{Z,Z') be the smooth kernel of with respect to dvTx{Z'). From 
dSSnD, we get 

n n 

(3.21) P^{Z, Z') = exp [ - f 5^ (1^/ + + TT 5^ ^,r, 



and 



(3.22) 6+P^ = 0, (6,P^)(Z,Z') = 27r(e^.-e;)P(^,^0, for j = 1, ■ ■ ■ , n. 

Let be the orthogonal projection from (/.^(R^", Ej,;,), || ■ ||o,o) onto Ker(£2); and 
V^{Z, Z') be its smooth kernel with respect to dvTx{Z'). Set P^^ = Id - p^,p^^ = 
Id-P^. Since 

(3.23) ^<i|(det(W)-)^ ^ -2^' 
we find that 

(3.24) V\Z, Z') = P^{Z, Z')I^.,cw*)^E- 

It is a consequence of Proposition 11.11 that the second equality of ( 13. 7p reduces to the 
following formula 



(3.25) O, = 0[ - 8v^7r((ViJ) — , T—)dzk A 

\ dzj dzk' 



Formula fl3.25p differs from [T3| (2.6)] by the presence of instead of V:^. By repeating 
the proof of |13i Th. 2.3] we obtain the following result. 

Theorem 3.3. The following relation holds: 

(3.26) -p^OiV^ = 0. 
Set 

F2 =(£0)-ip^^Oi(£0)-ip^^OiP^ - {Cl)-'V^^02V^ 

(3.27) + P^Oi(£°)-ip^^Oi(£°)-ip^^ - P^02(/:^)"'P'^^ 

+ (£°)-ip^"OiP^Oi(£°)-ip^" -P^0iP^"(£°)-20iP^. 
By Theorem 13.31 and the same argument as in [151 Sec. 1.5-1.6], we get 

(3.28) bi(xo) = /E-P2(0,0)-/E, 
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where Je denotes the orthogonal projection from A{T*^^'^^X) ®E onto E. We only need 
to computer the first two terms and the last two terms in fl3.27p . since the third and 
fourth term in fl3.27p are adjoint of the first two terms by Theorem 13.11 



4. Computations of the coefficient bi 



In this section we calculate out term by term the expressions (13.271) of bi and then 
prove Corollary IU.4I 



Lemma 4.1. For every 2- form A, we have 



(4.1) 



d d 



q n 



d d 



] j=l k=qA 



1 d^, d^, 



A i 



'det(VK 



Moreover, if A is compatible with the complex structure J, then 
(4.2) 



det(Ty 



j=l k=g+l 

Proof. One easily get the result (14. ip from (I2.12p . 



^det(W )(S)E- 



□ 



If A' is a antisymmetric endomorphism of TX, an analogue of (14. ip holds for A', i.e., 
simply replacing A{-, ■) in (14. ip by {A'-, ■). 



4.1. The terms in bi containing the factor Oi. Set J = — 27rv— TJ. From (II. lip 
and (I3.16p . we find that 



(4.3) 



(vfJ)7^,|-)6;-6,((vf:^)7^,A 



By (fTTTD . ([XMD, dMS]), (112]) and (Q, we know that 
0{P^{Z, Z') 



(4.4) 



q n 



j = l k=q+l 
q n 



as. 



P'^iZ, ^')-^det(W 



det{W )®E- 
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From Theorem 13.21 and fl4.4p , 

Z') 



l((v-i.)r,^)4((v,>^.)?-i 



(4.5) 



q n 



j = l k=q+l 
q n 



d d \ 



dir. dL <9^A 



j = l k=q+l 



det{W )(S,E- 



Therefore, 



(4.6) 



and 



-E E ((VfJ)|-.|-)<if.A»^P"(O.Z')W 



j=l fc=(j+l 



56 5^ 



det(VK )(^E- 



(4.7) 



(^(/:°)-V'^^CiP^)(z,o) 



j = l k=q+l 
q n 



E ((vfj)|.,|-)rfe.A.^p^(z,o)w. 



j=l fc=IJ+l 

By taking adjoint of (14. 6 p and (14.70 . we find that 



det(Vy )®E- 



(p^Oi(i:°)-ip^^)(z',o) 



(4i 



and 



q ri 



d d 



dct(ty*)(g)£;'^0 A «^ 



(4.9) 



(p^Oi(£°)-^P^^)(0,Z) 

^^i:i:((vf.)|-,| 



j=l k=q+l 

q 



j = l k=q+l 
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By I^JB), i^D, (HH) and |epe--l«l' = ^, we obtain 



(4.10) 



j = l k=q+l 



-'det(VK )®E 



By dM]) and M . 
(4.11) 

((£°)- V^^OiP^Oi(£°)-ip^^) (0, 0). 

Let /i(^) (resp. F{Z)) be homogenous polynomials in Z with degree 1 (resp. 2), then 
by (13:221) and Theorem 1321 

(/:o^P^"/^&,P^)(0,0) =(£o^P^"&,/^P^)(0,0) = -i^^, 

(4.12) ' 
(£o'^^^i'^'^)(0,0) = - 



1 d^F 



47r2ae,ae/ 

Prom (I3.22p and Theorem 13.21 one verifies directly that for 1 ^ j ^ g, g + 1 ^ ^ n, 



- \ \ dh - 

{Clr'hbmdU A (0, 0) = Y^g^d^k A ^_|_/det(W*)«E. 

((/:°)-Frfe. A .^P^) (0, 0) = ^l^^e. A .^/,et(W*)«i.- 



Moreover, we have for 1 ^ i, j ^ q and g + 1 ^ /c, / ^ ra, 

1 d^F 



(4.14) ((£°)-Fc^e. Acie..4.^P-)(0,0) = ^^^^e. Acie..^.^/,.,^^),.. 

Using (irnj) . (13:22|) . (gJl) and (gT]) we obtain 

(4.15) ((£°)-^P^^O;(£°)-iCiP^)(0,0) =0. 
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Then by ffLTSj) . (^M), dSD, flTOj) and fl4:T5|) we get 
((/:°)- (0, 0) 



(4.16) 



with 



(4.17) 



and 



(4.18) 



16 



3 

q n 



- ^TT^ (£°)- ((V^J 



d d 



X 



j=l A;=g+1 



(£°)-^P^"[((ViJ 
9 9 



OZi OZi I a^i 

/ 8zi 



d_ d_ 

dzi ' dzi 



j=l k=q+l 



9 9 



j=l A;=g+1 



e5m d^j d^k 



j = l k=q+l 

1 

24^ 



^(|V^j|' + 4|(^^(^,)«,-,«,>f)/, 



+ /i + /: 



2, 



-ifc E E 



ij=l k,l=q+l 



IOtt 



LE E ((vf^ J)|-.i)((vf^J)i.^ 



i,j=l k,l=q+l 



4.2. The terms in bi containing the factor O2. Before calculating the term 
{{C9,)-^V^^O2V^){0,0) in fl3:271) . we first need to derive a formula for 
[Cq^P^^O'^P'') {0,0). 



Lemma 4.2. 

(4.19) -(£-ip^"o^p^)(0,0) = i^' 



This result is the analogue of [ISl (2.39)]). In our case we use the coordinates (,^1, . . . , ^n) 
adapted to J (see (13.131) ). whereas in (2.39)]) the coordinates {zi, . . . , Zn) adapted 
to J are used (see [151 §l-4])- The proof of f l4.19p is similar to [15^ (2.39)] so we omit it. 
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Now we are ready to compute the term ^(iZ^) ^"^^^^"^^^(0,0). Note first that 
^ = lidTas) e A2(T*(i'0)X) ® A2(r*(0'i)X). By (imi) we obtain 

24* =1 (dT^,) (ci, Cj, Cfc, efc)c(ei)c(ej)c(efc)c(e/) 

= - 7:{dTas){ei,ej,Vk,Vk)c{ei)c{ej) + {dTas){ei,ej,Vk,vi)c{ei)c{ej)v^ Ai^^^ 



- 2 



+ 4 



- -((iTas) {Vj, Vj, Vk, Vk) + (dTas) {Vi, Vj, Vk, Vk)v^ A i^^ 

- ^ (c^Tas) {vj,Vj, Vk, vi) + (c^Tas) {vi, Vj, Vk, vi)v^ A 



t;' A 



+ {dTas) {vi,Vj, Vk, vi)v' Av^ A ijjjjj^ + (dTas) (vi, Vj,Vk, vi)ij^i^/v^ A v 

■■{dTas){Vj,Vj,Vk,Vk) - A{dTas){Vi,Vj,Vk,Vk)v^ Aiv, 

+ 4:[dTas) {vi, Vj, Vk, vi)v^ A ijj/v^ A ijj^^ 



+ (dTas) {vi, Vj, Vk, vi)v' Av^ A i^Jvi + (dTas) {vi, Vj, Vk, vi)ijjijj^v^ A vK 
Using the relation 



(4.20) 

we get 

(4.21) 
That is 

(4.22) 
Hence, 



If A ijj^ + = 



24* =3{dTas){vi,Vi,Vj,Vj) - 12{dTas){vi,Vj,Vk,Vk)v^ Aijj^ 
+ 6 (dTas) {vi, Vj,Vk, vi)v'^ Av^ A i^i^^ . 



' dzi ' dzi ' dzj ' dzj 



d 
+ (fiT„,)( — )t/zfcArf^;Az 3 2 a . 



*J 



'dzi dzj dzk dzi' 



d d d d 



det{W )®E 2 



E'^ / N , (9 d d 9 
[dTas) [g-, ^, ^)I^,,(W^)^E 



i=l 
q n 



2E E idT-)^h&.^^^^^^-'^'^W^ 



i=l j=q+l 

q 



q 



dzi' dZj' dz/ dzi' 



i ,j=l k=q+\ ■' 
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(4.23) 



q n 



i,j = l k,l=q+l 



d d d d 
' dzi ' dzj ' dzk ' dzi 



det(VI/ )(g.£ 



1 d d d d 

= 2 (C^^as) -=-, -^)het(W')®E 



q n 



d d d d , - 



' S .Si ^""^"^^ ^4'^^^^^*^^^ 

(} n 

, , .(/(inn— — 

Ai a i a 

i,j=l k,l=q+l 



^ ^ 



Now it follows immediately that 



(4.24) 



(^(£°)-ip^^^P^)(0,0) 



d d d d . - ,T ■ ■ 
^^lafr, A at, A t a I a 

d^. d^; d^,' d^/ 



4y y (c/T,,)(^,i,i,i)rfe^ Az a 



j=l fc=5+l 



By dSH), we get 



(4.25) 



7r( (V^V^ J) ^^^^^ei, ej)c{ei)c{em) 



+ 1{K + ^Tr[i?^<^'"'^])(e,eJc(eOc(e^) + i< - v^. 



From (|2A2|) . ( I2l71) . (142]) and Proposition [Lll we obtain 



(4.26) - ^(i^^(7^, A)5,_2vrv^(V^V^J)(7e,7e))^,|.) 



g n 



j=l A;=g+1 



+ 2 E E ( ^)^^ - 2v^7^(V^V^J)(7^ 



,7^) 



9 9 



56 



+ 2(i?^ + iTr[i?^'^''"^])( 



d d 
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Using ([L71), (13221), dug) -dun]) and Theorem [321 we have 
(4.27) 

■ (£0)-ip7v^ _o'^ + ^)v'') (0, 0) 

d d , d d 



Air 



a?.' a?/ 271 \ a{,'a?/S6 



i((2,V^V«.,,.,,,-K(|-l),^l)|-,|- 



d d 



27T 

<1 



EE 

j=l k=q+l 



J_/f>Bf_d_ _d_._d_ _d_ 
6vr\ 



9 9 



2(V^V^J) 



d d 



d d 



From fl4.27p . we get 
(4.28) - ((£°)-ip^^ (O2 - C2 + ^)^'^) (0, 0) 



^ q n 
2^5Z 5Z 



j=l fc=<j+l 



9 d , d d 



\ 2 L V^/5/^.'<9/^,/ 



dctW (^E- 



By (11.131) we obtain 
(4.29) V- 



r$:((v-v-j) 



a d 



_a s_ 



16 



Substituting fOOD into (i2HD yields 

(4.30) - (^(£°)-^P^^ (O2 - C2 + ^)^'^) (0, 0) 



d d . d d 



24 



^ g n 

-T y 

27V ^ ^ 



R 



Bi 



j = l k=q+l 
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d d d d 



3 \' ^dii^aji'di. d^^ 



d d 



k J 



Similar to [T51 (2.21)] we obtain 



(4.31) 



d d , d d 



7Xt|2 



32' 



The difference from [151 (2-21)] is again tlie use of coordinates (^i, . . . , ^„) adapted to J. 
Combining f lCTj) . (^Ml, K3T\f and flCT]) we get 



(4.32) - ((/:°)-ip^^C2P'^)(o,o) 





^ IV^Jl 


IGtt 


647rl 1 



-EE 

j = l fe=g+l 



'detVF 



27r\ 'd^,'d^/dL'd^, 



1 d d d d 



37r \- ■ 

+ -fi?^ + -Tr[i?^'^'"'^])(i,A) 
27rV 2 L V^56'5e/ 



By (fT:2TD we obtain 

- ((£°)-ip^^O2p^)(0,0) 



(4.33) 



327r 



A^(rf(A^T,,)) 



+ 



Bt|2 



6477' 



TT 



5 



d d d 



'detVK (gi£ 



q n 



j = l k=q+l 



d d , d d 



3 -"^k 

2v^ 



(V^V^J) 



d d 



_d e_ 

9U 
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1 d d d d — — 



167r 5^. a^^- a^fc se, s«,. 

Now our main result flOTSD follows immediately from ( KTl} . ^Ml, f lCTD . (HIT]) . flCT]) 
and (14 .33 p . The trace formula (I0.19P follows from (lO.lSp and the definition of projection 
-^det(W*)®£;- T^^^^ completes the proof of Theorem I0.3[ 

Proof of Corollary \0.4\ Since {X,g^^, J) is Kahler, then the torsion T vanishes, hence 

(4.34) Tas = and = R^^ . 
From ([L9]), f lTTop and ffLTT]) . we obtain 

(4.35) ((V^V^j)(_„^)n„n,) = 0. 
Combining (II .Tp and (I4.35P yields 

(4.36) (^(V^V^J)(^^_^M,-,Mfc) = -2^/^(^R'^''{ui,Ui)u„Uk). 

Formula f lTM follows from flOTSD . f lOD and fICTD . The proof of Corollary 03] is 
complete. □ 

5. Compatibility with Riemann-Roch-Hirzebruch formula 

In this section we check the compatibility of our final result (lO.lSp with Riemann- 
Roch-Hirzebruch formulas. 

Let us start with the Riemann-Roch-Hirzebruch formula which arises from the Riemann- 
Roch-Hirzebruch Theorem (cf. e.g. p3| Th. 1.4.6]). Let h^''^ be the dimension of 
H^''^[X,LP ®E), and let Tk{E) be the rank of E. Combining (10. 8p and the Riemann- 
Roch-Hirzebruch Theorem, we find that 

(-iyhl^i=f Td(T(^'°)x)ch(LP®E) 
Jx 

(5.1) _ / A" + / U(E) + l!fle,(r<'^»).Y))£lW^p''-' 

Jx "f^- Jx ^ ^ 

+ 0(p"-2), 

where ch(-), ci(-), Td(-) are the Chern character, the first Chern class and the Todd class 
of the corresponding complex vector bundles, respectively. 

By integrating over X the expansion (10. lip for A; = 1, we have 



jn— 1 

(n-iyr 



(5.2) 



TT[P^'''{x,x)]dvx{x) 

:p" / Ti[hoix)]dvxix)+p''-^ I Tr[bi(x)]rft;x(x) + 0(p" 
Jx Jx 



where the trace is taken over A9(T*(°'^)X) ® E. By ([03]), we obtain 

(5.3) dvx = 0"/^! = (-l)V/n!. 

It follows from (I0.14p that the following identity holds for any smooth 2-form a, 

(5.4) a A 10""-^ / {n - 1)\ = -y/^a{uj,Uj) ■ oj"" /n\. 
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Applying (15 ■4p for a = d^A^^Tas) and the Stokes' Theorem, we obtain 



(5.5) / A^{d{A^Tas))dvx = {-iy/{n-l)\- / d(A^T,,) A 0;"-^ = 0. 
Jx J X 

Substituting flfUQll . (lOj) . and the equahty O for a = ci{E) and ci{T^^'^^X), 

respectively, into (I5.2p . we obtain (15. ip . Therefore, our final formula (lO.lSp is compatible 
with f lSljl . 

On the other hand we also explain here the compatibility of our formula (lO.lSp with 
the local index formula obtained by Bismut (2.53)] for non Kahler manifolds under 
the assumption that the form Tas is closed. 

Recall that is defined in (II. 3p . Set 

(5.6) V-^ = V^^ + ^-^ withS-^ = -5^. 

We denote by the curvature of the connection V"'^. Note that by (11.31) and [H 
(2.36)] our notations S^,R~^ correspond to 5*^^ and in ^ §11 b)] respectively. Let 
A be the Hirzebruch polynomial on (2n, 2n) matrices. Then 

(5.7) A{^) e Q'^iX), 

where Q^{X) denotes the space of smooth j-forms over X. 

For t > 0, let Qp,t{x,y) be the smooth kernel on X associated to the operator 
exp{~tDl). Let fi°'^^^°(X,LP ® E) (resp. fi°'°'i^(X,LP O E)) be the direct sum of the 
space of smooth (0, 2j)-forms (resp. (0, 2j + l)-forms) over X with values m ® E for 
j ^ 0. Set 

Note that the auxiliary vector bundle in [4, Th. 2.11] should read as ® E. Denote 
by R^^®^ the curvature of the Chern connection V^''®'^ on ® E. Then we can restate 
[1 Th.2.11] as follows. 

Theorem 5.1. Assume that dTas = 0, then 
lim Tr^ [Qp,t{x, x)] dvx{x) 

(5 9) f T^—B / — i" I — i" max 

={l (4^) exp (^H. [fi-'--] ) TV [exp (^fl^'«^)] } 

uniformly on X . 

Now we check the compatibility of our final result (lO.lSp with (15. 9p . 
Mckean-Singer formula [21 Th. 3.50] also holds for the modified Dirac operator Dp-. 

n „ 

(5.10) V(-l)^' dimi7°'^(X,LP®E) = / TTs[Qp,t{^,x)]dvx{x). 
Combining dOS]), (EH) and IKTU\i yields 

(5.11) (-1)"/^°'^= / l(^)exp(^ci(T(i'°)X))ch(L^®i?). 
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If we expand the right hand side of the formula flS.lip in a polynomial of degree n in p, 
then it follows from (15.71) that the term has no contribution to the coefficients 

of p"" and p""^. Hence we obtain from (15. lip that 

+ 0(p"-2), 

which is exactly the same expression as (15. ip . In this case our formula (lO.lSp is also 
compatible with ( 15. 9p . This fits well the compatibility of the asymptotic expansion of 
Bergman kernel and the local index theorem along the lines of [T^ Rem. 4.1.4], [T6| §5.1]. 



6. A SIMPLE EXAMPLE 

In this section we provide an example in the Kahler case. 

Let us first consider the 1-dimensional projective space (CP^, J) with the complex 
structure J. Let {0{—l)^h^^~^'>) be the tautological line bundle over CP^, and let 
(0(l),/i^(i)) be the dual of the line bundle C(-l), i.e., C(l) = C(-l)*. If we denote 
by i?*-^*^^) the curvature of the Chern connection on (0(1), h'^^^^) and by cops the Fubini- 
Study form on CP^, then 

(6.1) UFS = ^R'^^'^ =c,{0{l)). 

Let T'^^'^-'CP^ be the holomorphic subbundle of the bundle TCP^ (8>m C. It is straightfor- 
ward to verify the following formula 

(6.2) ch(T(i'°)CP^) =[l + ci (C(l))] 
which implies immediately 

(6.3) Ci(T(1'°)CP^) =2ci(C»(l)). 

Let {L,h^) be a holomorphic line bundle over CP^, and let be the curvature of 
the Chern connection on (L, h^). Denote by a; := -^^-R^ the symplectic form on CP^. 
Clearly, 

if (L,/.^) = (0(-l),/.^(-i)); 
if (L,/i^) = (C(l),/i^«). 




(6.4) uj = 
Now combining (16. ip . (16. 2p and (16. 4p we obtain 

(6.5) A^ci(t(^'°)CP^) 



-2, if (L,/i^) = (0(-l),/i^(-i)) 
2, if (L,/i^) = (0(l),/i^«). 



Set X = CPi X ... X CP^ with n copies and L = LiM .. M LqM L,+i K . . . K L„ with 
Lk = 0{—l) if k ^ q and Lk = 0{1) otherwise. Let h^'= be the Hermitian metric on 
the /c-component Lk of the line bundle L, i.e., h^'' = h'^^~^^ if k ^ q and h^'' = h^^^^ 
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otherwise, and let be the curvature of the Chern connection on {Lk^h^^). Denote 
(El 

-ufs, if 1 ^ /c ^ g; 
ufs, ii k ^ q + 1. 



by ojk '■= 2?-^^'° symplectic form on the k-th component L^. Then 
(6.6) Uk -- 



It is clear that the symplectic form cul ■= "^^-R^ is now just the direct sum of the cokS, 
i.e., ujl = tJi + ■ ■ ■ + ujn- Therefore the metric g^-^ on X defined by (10. 3 p is now given by 
the one induced by the Fubini- Study metric g'^'^^ on each factor CP^ of X. Moreover 
the skew-adjoint linear map J given by (I0.12p is preserved by the Levi-Civita connection 
V^^ on (X,f7^^), i.e., 

(6.7) V^J = 0. 



Clearly, 

(6.8) ^Tr [A.,i?^^^'"'^] =1^2 ^-^^ {T^''''CF') 



k=l 

Combining (ED, (ESD, O and (ESD, we obtain 

(6.9) ^Tr[A^,i?^'""'^] =|[-2g + 2(n-g)] =7r(n-2g). 

Substituting (16. 7p and (16. 9p into our main result (I0.20p (for Kahler manifolds) yields 

(6.10) bi = (n-2g)-J,,,(PP*), 

where the subbundle W is now by definition, the direct sum T^^'^^CP"*^ © ... © T^^''^^CF^ 
with q copies over the first g-factors of X. In particular, if g = 0, then the formula (I6.10p 
reduces to 

(6.11) bi=n-/c. 

Note that (I0.22p and (16. lip imply the well-known fact, that the 1-dimensional projec- 
tive space {CF^,g'^'^^ ) endowed with the Fubini-Study metric g'^'^^^ has constant scalar 
curvature Svr. 



7. Application to covering manifolds and homogeneous line bundles 

Let (X, J) be a paracompact complex manifold of dimension n, and let F be a discrete 
group acting holomorphically, freely and properly discontinuously on X such that the 
quotient X = X /T is compact. Assume that there exists a F-invariant holomorphic 
Hermitian line bundle {L,h^) on X, such that Co := -^^^R^ is a symplectic form. The 
signature of the curvature (i.e., the pair of the numbers of negative and positive 
eigenvalues at a point) with respect to any Riemannian metric on TX, compatible with 
J is locally constant. We assume that the signature is constant and equals {q,n — q), 
^ q ^ n. 

Let g'^^ be any F-invariant Riemannian metric on TX compatible with J. Consider 
a F-invariant holomorphic Hermitian vector bundle {E, h^) on X. Let Q'^'^lX, ® E), 
f2°'*(X, U'^E) be the spaces defined as before, and let f2|?'*(X, U'®E) be the subspace of 
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Q^''{X, U'®E) consisting of elements with compact support. We introduce an L^-scalar 
product on ® E) associated to , h^, dvj^x as in ([OlD- Let ® E) 

be the corresponding L^-space. We consider the maximal extension of d (see [1 



(3.1.1)]) 

(7.1) Dom(a''''''') = {ue Ll,{X,L^^E), d'^'^^'u G LI,{X,Lp^E)}, 

where ^^u is calculated in the sense of distribution. By replacing with 

in ( 17. ip we obtain the maximal extension of the formal adjoint of The 

Hodge-Dolbeault operator is defined by 

Dom(Dp) =Dom(9^'®^) nDom(9'''®^'*), 

^^■'^ 4=v^(a'^^%a'^^^'*). 



Note that g is complete, being the pullback of a Riemannian metric on X. Then 

tensio: 



by the Andreotti-Vesentini Lemma O Lemma 3.3.1], the maximal extension of d 



coincides with the Hilbert space adjoint of the maximal extension of d 
The space of harmonic forms is defined by 

(7.3) H°'-(X, LP®E) = Ker = Keid^"''^ n Ker#'®^'*. 

Theorem 7.1 (Andreotti-Grauert vanishing theorem). In the conditions as above we 
have 

(7.4) H°'^ (X, LP®E) = 0, for P > 1- 

Proof. By proceeding as in [131 Th. 1.5] we obtain that there exists C > such that for 

J 7^ 

(7.5) ||z)ps||^ ^ (2p/io -C)||s|f, s G Dom(Z)p) nr]°'^'(X,LP(g)E), 

where /iq denotes the infimum over X of the absolute values of the eigenf unctions of . 
This estimate immediately implies that 

(7.6) Ker Dp n ^f'^{X, U' ® E) = {0}, for j ^ 9, P > 1- 

This completes the proof the Theorem 17. 1[ □ 
Theorem 17.11 was first proved by Braverman [6l Cor. 3.6]. 

Define the Bergman kernel -Pp(-, ■) (resp. Pp''^{-, ■)) as the kernel of the orthogonal 
projection Pp : Ll ,{X, ® E) ^ Ker Dp (resp. P°'« : Ll q{X, PP E) ^ Ker Dp). By 
Theorem 17.11 the kernel Pp''^{-, ■) coincides with Pp{-,-) for p ^ 1. Denote by G the 
Kahler form associated to g^^ . Then the Bergman kernel -Pp '''(■, ■) has an asymptotic 
expansion on compact sets of X analogue to Theorem 10. 2[ 

Theorem 7.2. There exist smooth coefficients h.r{x) G End(A^(T*^'^'-'^)X) ® E) ^, which 
are polynomials in R^^ , R^ (and dQ, R^) and their derivatives of order ^ 2r — 2 (resp. ^ 



30 WEN LU 



2r — 1, 2r) at x, such that for any compact set K C X and any k,l G N, there exists 
Cki > with 



C\K) 



(7.7) P;'^(x,a;)-^b,(x)p" 

r=0 

for any p G N. 

Proof. This follows from [HI Th. 6.1.4] and Theorem 10.21 In fact, let vrr be the projection 
X — )■ X, and let Pp be the Bergman kernel on X = X /T . By [HI (6.1.16)] we obtain 

(7.8) Pp(x, x) - Pp(7rr(x), 7rr(x)) = 0(p-°°). 

Then the assertion follows immediately from (17. 8p and Theorem 10.21 □ 

Choose now the metric g^-^ as in (10.31) . 

Theorem 7.3. The coefficient hi of the expansion in Theorem is given by (lO.lSp . 

Proof. It follows from (17. 8p that the Bergman kernel Pp{-,-) has the same asymptotic 
expansion as Pp(7rr(-), vrr(-)). Hence, 

(7.9) bi(x) = bi(7rr(a;)). 

Since the metrics on X,L,E are puUbacks of metrics on X,L,E, then the assertion 
follows from (EH]) and (1(U8D . □ 

Remark 7.4. (i). Let Indr(Dp), Ind(i5p) denote the L^-index of Dp and the index of 
Dp, respectively. It follows from the L^-index Theorem [H Th. (3.8)] that 

(7.10) Indr(P'p) = lnd{Dp). 
That is, 

n n 

(7.11) Y,(-iydimrn°'^{X,LP^E) = ^(-1)^' dimi7°'-'(X, ® E), 

j=0 j=Q 

where dimr denotes the von Neumann dimension. Let /i^''^ be the dimension of the space 
H'^'i{X,LP®E). Combining (jOl]), dH]) and (\TWf yields 

(7.12) dimr H°'''(X, PP ® E) = h^/, for p > 1. 

(ii). We denote by ?7 a fundamental domain of X and by dvx the volume form of 
\x,g'^^). By [H (3.6.12)]) and ^ we obtain 

dimrn^'^X^pP ®E)= [ Tr[P^^''{x,x)]dvjiix) 

Ju 

=p" [ Ti[bo{x)]dvx{x)+p''-^ [ Ti[biix)]dvji{x) + Oip""^). 
Ju Ju 

Let us now consider the case of homogeneous line bundles. Let G be a connected 
noncompact real semi-simple Lie group having a Cartan subgroup H G G. Let K D H 
be a maximal compact subgroup of G. Let g, t, P) be the Lie algebras of G, K, H and 
0C; ^C) he their complexifications. Denote by A the set of roots of {qc, ^c) and let P C A 
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be a system of positive roots. Let X = G/ H and let L\ ^ X he the line bundle induced 
on X by the character A of H. By [9, §1] the choice of the positive root system P defines 
a complex structure on X and La, such that La — !■ X is a holomorphic line bundle. 

By a theorem of Borel |5] , there exists a discrete group T d G which acts freely on X 
such that X = X /T is compact. Moreover, the action of F lifts to an action on La. The 
following result is due to Griffiths and Schmidt, see |9l Th. 4.17D]. 

Theorem 7.5. Let be the scalar product on [)* induced by the Cartan-Killing form 
on \). Assume that X is a character on H such that (A, a) ^ for any a E A. Let 
A = Ac U A„ be the decomposition of A in compact and noncompact roots with respect 
to K. Set 

(7.13) = ti{a G P n Ac : (a, a) < 0} + tl{a G P n A„, (a, a) > 0}. 

Let p denote the half-sum of the positive roots of (g, [)) and q = l{X + p). Then L\ 
admits a T -invariant Hermitian metric h^^ whose curvature R^^ is nondegenerate and 
has signature (g, n — q). 

Therefore, Theorem 17.31 applies to the calculation of the coefficient bi of the Bergman 
kernel expansion for the homogeneous line bundle La from Theorem 17.51 
Acknowledgements. The author would like to thank Professors Xiaonan Ma and 
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